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CHAPTER 1. INTRODUCTION 
Arteries serve as conduits that carry blood, rich in oxygen and 
other nutrients, to the various parts of the body. An unobstructed artery 
is capable of meeting the blood flow requirements of the body at rest, or 
during exercise, when the flow requirements are increased. Athero­
sclerosis is a disease that leads to progressive narrowing of the arteries 
due to a build up of plaque along the vessel wall. An arterial obstruc­
tion is commonly called a stenosis. The narrowing of an artery can lead 
to problems when the artery cannot meet the resting, or elevated, flow 
requirements of the parts of the body perfused by it. Frequently, the ob­
struction of an artery can lead to death, and arterial diseases are the 
leading cause of functional impairment and death in the United States. 
This fact has created much interest in quantitative analysis of the func­
tioning of the cardiovascular system in normal and diseased states. 
Thus, a significant part of current cardiovascular research is directed 
towards achieving both a qualitative and quantitative understanding of the 
dynamics of the cardiovascular system. 
The complexity of the cardiovascular system and the difficulties en­
countered in identifying and measuring, in vivo, the various system varia­
bles have led to an effort to construct models of the system. These 
models incorporate the basic features of the system and are usually de­
veloped by making a variety of simplifying assumptions about the behavior 
of the system. Also, the models, which may be physical, mathematical or 
computer based, enable the researcher to better understand the dynamics 
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of the complicated system, and to identify important parameters in the 
system. 
The behavior of a physical system can often be described by a set of 
differential equations. These equations are then said to constitute a 
mathematical model of the physical system. Typically, the one-dimensional 
flow equations, together with an equation of state for the vessel, have 
been used to describe, mathematically, the flow of blood in the larger 
arteries. The equation of state is used to relate the cross-sectional 
area of the artery and the pressure. This set of partial differential 
equations, which necessarily incorporates a number of simplifying assump­
tions, constitutes a mathematical model which can be used to study the 
dynamics of blood flow in a section of a normal or stenosed artery. 
This model describing arterial blood flow is usually written in 
terms of variables such as the pressure and the flow in the artery. It 
contains important cardiovascular system parameters such as the compliance 
of the artery (the increase in cross-sectional area per unit increase in 
pressure), arterial diameter and length, the location and the inner diame­
ter of any stenoses that may be present, and parameters pertaining to 
blood (viscosity and density). Of these various parameters, it is gen­
erally possible to measure the density and the viscosity of blood direct­
ly. However, the compliance and the radius of the artery, and parameters 
pertaining to the stenosis such as its location and severity cannot be 
easily determined by direct in vivo measurements. Recently, some re­
search effort has been directed towards obtaining, indirectly, reasonable 
estimates for these parameters by using dynamic measurements of the system 
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variables. Such procedures are commonly referred to as parameter estima­
tion techniques. 
In using parameter estimation, the system parameters are initially 
set at some assumed values and certain measured values of the system 
variables are used as input for the model. The output from the model is 
then compared with corresponding data measured experimentally. An algo­
rithm is constructed to vary the system parameters in a systematic manner 
to minimize the sum of the square of the difference, S, between the meas­
ured data and the output from the model. The values of the parameters 
which minimize S are taken to be the best estimates for the parameters in 
the model. Thus, parameter estimation is a technique which can be used to 
estimate certain model parameters by using the values of system variables 
which are amenable to direct measurement, and thus can be a very useful 
tool in biology and medicine. 
In the case of the cardiovascular system, variables which can be 
measured directly are flow and pressure in the various sections of the 
artery. However, a common problem is one of obtaining accurate measure­
ments of these variables. Pressure transducers and electromagnetic flow­
meters are commonly used to obtain these measurements, but the use of 
these transducers involves surgery and these measurements are termed 
"invasive." In a clinical situation, the physical condition of the 
patient may preclude the possibility of obtaining invasive measurements, 
and invasive data acquisition may be time consuming. Also, the trauma 
associated with invasive measurements can interfere with the normal be­
havior of the biological system. The disadvantages of invasive measure­
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ments, as detailed above, reveal the importance of developing new tech­
niques for the measurement of flow and pressure. In the past, a few 
studies based on parameter estimation techniques and utilizing invasive 
measurements have been used to determine arterial system parameters. 
The relatively recent introduction of the ultrasonic Doppler flow­
meter has made it possible to measure, nonlnvasively and with reasonable 
accuracy, the Instantaneous cross-sectional averaged velocity of blood in 
an artery. Also, recent technological advances suggest that it may be 
possible to obtain pressure waveforms from nonlnvasively measured changes 
in the diameter of an artery as blood pulses through it, where the changes 
in the diameter can be measured ultrasonically. The Improvements in non­
invasive measurement techniques and the usefulness of parameter estimation 
techniques raises the question as to whether noninvasive measurements of 
the system variables can be used to estimate Important system parameters. 
The aim of this study Is to answer this question by systematically ex­
ploring the possibility of obtaining reasonably accurate noninvasive 
measurements of pertinent system variables, and using these measurements 
In an estimation scheme. 
The study was carried out In two phases. In phase one, tests were 
conducted on a hydraulic model simulating a segment of the artery con­
taining a stenosis. The aim of this phase was to develop and validate 
the necessary Instrumentation and experimental techniques, and to estab­
lish a suitable parameter estimation technique. In phase two, limited 
experiments were carried out on the femoral arteries of mongrel dogs to 
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determine if the mathematical model and the procedures used in phase one 
could be used to predict stenosis parameters in the dog. 
In phase one, the arterial segment was simulated by using latex 
tubing of various wall thicknesses. The tube was fixed in the axial 
direction and remained free to expand and contract in the radial direc­
tion. A syringe pump was used to create pulsatile flow in the tube. The 
upstream (proximal) and downstream (distal) flow in the tube was measured 
invasively by using electromagnetic flowprobes. The corresponding pres­
sures were measured using pressure transducers. Concurrently, the flow 
and the pressures were also measured noninvasively using ultrasonic in­
strumentation. 
In order to fulfill the aims stated above, phase one was further 
divided into the following parts: 
1. In part one, an ultrasonic transducer was used to determine the com­
pliance of an unobstructed tube and this value was compared with 
directly measured value. 
2. In part two, the invasively measured data from an unobstructed tube 
were used in the parameter estimation scheme to predict system parame­
ters such as the compliance of the tube and distal resistance to flow. 
Estimated values of the parameters using noninvasive data were com­
pared with corresponding values obtained using invasive data. 
3. In part three, a rigid annular plug of known inner diameter was used 
to model a discrete stenosis and both invasive and noninvasive meas­
urements obtained. Estimated stenosis parameters based on noninva-
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sive measurements were compared with those obtained using invasive 
measurements. 
As noted previously,in phase two, experiments were carried out using 
large mongrel dogs. The femoral artery of each dog was exposed and a 
rigid annular plug of known inner diameter was introduced into the artery 
to simulate an axisymmetric stenosis in the artery. Invasive pressure and 
flow measurements were obtained from the test section of the femoral 
artery and used to estimate the location and the severity of the stenosis. 
The estimated values of these parameters were compared to the correspond­
ing experimentally measured values. 
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CHAPTER 2. LITERATURE REVIEW 
The complexity of the cardiovascular system and the difficulties en­
countered in obtaining accurate measurements of the various system parame­
ters has led to much research into the use of models to represent the 
system. Some examples of such modeling efforts include the Windkessel 
model, transmission line models, and models based on the Navier-Stokes 
equations. The common aim of these past modeling studies has been to 
predict as closely as possible the physiological behavior of the system. 
Once a model has been developed, its validity is normally tested by com­
paring pressure and flow wave shapes generated by the model with the 
corresponding data obtained from human or animal experiments. This 
approach to validation is feasible only when all the model parameters can 
be measured directly or can be approximated reasonably well. 
The mathematical model contains parameters such as the compliance of 
the tube, tube diameter and parameters pertaining to stenoses such as its 
location and severity. It is difficult to measure these parameters di­
rectly in a physiological system. Under these circumstances, parameter 
estimation techniques have been used to estimate the unknown parameters 
by using measured values of the system variables such as pressure and flow 
in the arterial segment as input to the model. Some research has been 
undertaken to measure the system pressure and flow noninvasively by using 
ultrasonic measurement technology. 
In this chapter, some of the past research efforts in the areas of 
mathematical modeling, the application of the parameter estimation schemes 
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to cardiovascular systems, and the noninvasive measurement of flow and 
pressure waveforms in the arterial system will be reviewed. 
Mathematical Modeling 
The basic feature that needs to be modeled is an unobstructed segment 
of the artery which is free of branches. It has been observed that whole 
blood tends to behave like a Newtonian fluid for high shear rates, and has 
a viscosity in the range of 0.003 to 0.004 N-s/mf (Caro et al., 1978). 
Blood can also be assumed to be incompressible for the range of pressures 
encountered in the arterial system. Under these conditions, the Navier-
Stokes equations can be used to describe the pulsatile motion of the blood 
in the arteries. These equations in their full form are very complex. A 
consideration of the architecture of the arterial system suggests that the 
following assumptions can be made in order to arrive at a relatively sim­
ple working model : 
1. An artery can be described as a straight, distensible, and slightly 
tapered tube with a circular cross-section. 
2. The vessel is totally constrained in the axial direction. 
3. The vessel wall is incompressible and behaves in a linearly elastic 
manner. 
Using the above mentioned assumptions, it is possible to model blood 
flow in a segment of the artery by using the one-dimensional flow equa­
tions. This approach has been successfully used by several authors in the 
past (Streeter et al., 1963; Olsen and Shapiro, 1967; Anliker et al., 
1971a,b; Schaaf and Abbrecht, 1972; Wemple and Mockros, 1972; Raines 
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et al., 1974; Rumberger and Nerem, 1977; Rooz, 1980; Young et al., 1980; 
Gray, 1981). The equations of continuity and axial momentum can be writ­
ten as 
ê * n " >  (2 1) 
# + + ^ (2.2) 
where 
Q(t,x) = flow at time t at an axial location x 
p(t,x) = pressure at time t at an axial location x 
A = lumen area 
D = lumen diameter 
Tq = wall shearing stress 
p = blood density 
X = one-dimensional momentum flux coefficient 
The coefficient,X, can be represented by 
^ ^ ^  (-^)^ dA (2.3) 
where and V are the axial component of the velocity, and the instan­
taneous mean flow velocity, respectively. To complete the formulation of 
the model, it is necessary to prescribe a relationship between the pres­
sure and the area. This is usually referred to as the "equation of state" 
of the vessel and takes the form 
A = A(p(x,t),x) (2.4) 
It is pertinent to note that this form for the equation of state 
allows for geometric tapering of the vessel and for the vessel to be 
distended in an arbitrary fashion by the transmural pressure. However, 
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it excludes viscoelastic behavior of the wall. This is a simplification 
of the real mechanical properties of the vessel wall. Some researchers 
(Westerhof and Noordergraaf, 1970; Noordergraaf, 1978) have proposed 
simple viscoelastic models to simulate the properties of the wall. 
Holenstein and Niederer (1980) have proposed a model using a complex-
valued creep function. These models generally suffer from a lack of 
adequate reliable data. 
The simplest form of the equation of state assumes that the cross-
sectional area is a linear function of the pressure and that the changes 
in the area are relatively small as compared to some reference area. This 
can be expressed mathematically as 
A(p,x) = Aq + C(x)(p - PQ) (2.5) 
with 
|C(x)(p - PQ)I « AQ(X) (2.6) 
where AQ(X) is the cross-sectional area at some reference pressure Pg and 
C(x) is the vessel compliance per unit length. This form of the equation 
of state has been used by many researchers (Noordergraaf et al., 1964; 
Taylor, 1965; Snyder and Rideout, 1968; Westerhof et al., 1969; Welkowitz, 
1977; Young et al., 1980; Gray, 1981). 
Raines et al. (1974) used an equation of state of the form 
A(p,x) = AQ(X) + b ln(p/PO) (2.7) 
In this equation, AQ(X) was determined by fitting a curve to angiographic 
data, and b was assumed to be a constant over a limited length of artery 
(and obtained experimentally). 
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Streeter et al. (1963) derived the equation of state from an analy­
sis of stresses within thin-walled vessels. The equation of state de­
rived by him and also used by other researchers (Schaaf and Abbrecht, 
1972; Wemple and Mockros, 1972) takes the form 
A/Aq = 1/(1 - (pD/hE)) (2.8) 
In this equation, E is Young's modulus for the wall material and h is the 
wall thickness. 
Anliker et al. (1978) and Stettler et al. (1981) proposed the 
following form for the equation of state: 
A(p.k) . Ajfxjexp (2.9) 
where c, the wave speed of small distension, was obtained experimentally. 
Rooz (1980) conducted experiments on latex tubing and fitted the data 
in the form 
A = AQ + B(p - PQ) + C(p - PQ)2 (2.10) 
where B and C are constants. 
The nonlinear term in Eq. (2.2) is the one pertaining to convective 
acceleration. Schaaf and Abbrecht (1972) computed the magnitudes of the 
individual terms of the momentum equation over one pulse cycle for the 
proximal radial artery and the proximal thoracic aorta. They found that 
the momentum flux term was small compared to the other terms at both the 
sites. 
The wall shear stress term, tq, in the momentum equation has been 
modeled in many ways. The simplest approach is to approximate the wall 
shear stress using a Poiseuille flow friction term, i.e.. 
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Tq - - ^ (2.11) 
This approach has been used by Raines et al. (1974), Rooz (1980), Gray 
(1981), Stettler et al. (1981) and Young et al. (1980). 
Schaaf and Abbrecht (1972) used an approximation derived from steady-
oscillatory flow solution for an infinite, rigid and uniform tube. The 
wall shear term then takes the form 
^ 0 . . 8 ^ ^ £ D i i ^ | V  ( 2 . 1 2 )  
where V is the instantaneous mean flow velocity, x is the one-dimensional 
momentum flux coefficient and takes the values 1 for flat velocity profile 
and 4/3 for parabolic velocity profile. These authors found that setting 
X = 1 produced only small changes in the results. Also, when the value of 
X was set to 1 and the viscosity, y, was set to 0, the overall behavior 
of the model did not change appreciably. It can, thus, be concluded that the 
friction terms are of secondary importance in determining the behavior of large 
arteries and Eq. (2.11) is a reasonable approximation for the friction term; 
Thus, a linear system of equations can be obtained by assuming that: 
1. The cross-sectional area is a linear function of the pressure, and 
changes in area are relatively small. 
2. The friction term can be modeled by Eq. (2.11). 
3. The convective acceleration term can be neglected. 
The continuity and the momentum equations can, thus, be written in a 
linearized form as 
| 2 . c | £ = 0  ( 2 . 1 3 )  
| f + R Q  +  L | | = 0  ( 2 . 1 4 )  
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where R = Snw/Ag and L = P/Aq. 
As noted previously, a constriction in the artery is termed a ste­
nosis. The factors which cause a stenosis to develop in an artery are 
not wel1-understood and are the subject of much research. Stenoses are 
usually created by the build-up of atherosclerotic plaques which protrude 
into the lumen of the artery. The presence of a stenosis in an artery can 
reduce blood flow to the distal beds being perfused by that artery. This 
in turn can cause functional impairment or death. 
To understand the effect of a stenosis on the flow of blood, several 
attempts have been made to model the stenosis. Young and Tsai (1973a,b) 
studied the pressure drop across isolated axisymétrie and nonsymmetric 
constrictions. They approximated the pressure drop across a constriction 
in an unsteady flow by the relationship 
K A 
AP " ^u Ë ^ * IT (7^ " 1)^^|U|U + KypLg ^ (2.15) 
where 
= an empirical constant 
Ky = an empirical constant 
= an empirical constant 
AQ = the unobstructed cross-sectional lumen area 
A.J = the minimum cross-sectional area of the constriction 
U = the instantaneous velocity in the unobstructed tube averaged over 
the cross-section 
p = the fluid density 
D = the diameter of unobstructed tube 
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Lg = the length of the stenosis 
The first term on the right hand side of the equation accounts for 
the viscous effects, the second term accounts for convergence and di­
vergence effects, and the third term accounts for unsteady effects. Both 
Ky and appear to be only slightly dependent on the geometry. Both of 
these coefficients could be approximated from steady flow tests. was 
obtained empirically. In subsequent experiments, Young et al. (1975) 
introduced artificial stenoses in the femoral artery of dogs. The steno­
ses were in the form of cylindrical hollow plugs made of rigid material. 
They found that Eq. (2.15) could be used to satisfactorily estimate the 
pressure drops across an arterial stenosis. Seeleyand Young (1976) pro­
posed that the value of could be approximated by 
^=32(^X17'^ (2.16) 
with 
L  =  0 . 8 3 L +  1 . 6 4 0 ,  ( 2 . 1 7 )  
a S I 
where 
Lg = the corrected length of the stenosis 
= the inner diameter of the stenosis 
A-j = the cross-sectional area of the stenosis 
Dg = the lumen diameter 
Aq = the lumen cross-sectional area of the unobstructed tube 
They also found that could be approximated well by a value of 1.52 for 
blunt axisymmetric constrictions. Young (1979) observed that the pressure 
drop across blunt axisymmetric constrictions in an artery could adequately 
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be approximated by using Eq. (2.12) with the values of and being set 
at 1.52 and 1.2, respectively, and with the value of given by Eq. 
(2.16). 
Anliker et al. (1978) proposed a similar equation for the pressure 
drop across an axisymmetric constriction. The equation proposed by them 
was the form 
AP = I (vg - vf) + p (||)dx + I v^(^ - 1)^. + (7^)vt (2.18) 
Other efforts at modeling stenosis have been carried out by Newman et al. 
(1979). 
Equations (2.13) and (2.14) constitute a set 6f differential equa­
tions which are used to model the flow of blood in an unobstructed 
artery. Many different approaches have been used to solve this set of 
equations. Snyder and Rideout (1968) and Westerhof et al. (1969) set up 
an electrical analog of this model and solved it by direct analog computa­
tion. The method of characteristics has been used by many researchers 
(Streeter et al., 1963; Olsen and Shapiro, 1967; Wemple and Mockros, 1972; 
Vander Werff, 1974; Anliker et al., 1978). Raines et al. (1974) used the 
finite difference technique to solve this model and Olsen and Shapiro 
(1967) used the method of perturbations. The finite element method has 
been used by Rooz (1980) and Gray (1981) to solve Eqs. (2.13), (2.14) and 
(2.15) for flow of blood through a stenosed artery, and this is the method 
used in the present study. Further details are presented in a later sec­
tion. 
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Noninvasive Measurements of Pressure 
In man, traditional methods such as the ausculatory method have been 
used to measure peripheral systolic and diastolic blood pressures. Such 
methods are limited In their application to certain parts of the anatomy 
where the arterial sounds can be heard distinctly, and cannot be used to 
measure the pressure over an entire cycle of the pressure pulse. Measure­
ment of diastolic pressures by conventional means also suffers from In­
accuracies. As noted at the beginning of this chapter, measured pressure 
pulse data are required as Input and output data in the estimation scheme. 
Few studies on the noninvasive measurement of pressure have been re­
ported. Raines et al. (1973) developed a recorder which yielded an 
accurate recording of the entire pressure pulse. Hokanson et al. (1972) 
used a phase-locked echo tracking system to record, noninvasively, the 
changes In the arterial diameter as the blood pulses through it. The 
phase-locked echo tracker (UET) developed by them is capable of measuring 
changes in the diameter of the artery in the range of 0.002 mm, whereas 
the diameter of the artery can be read to an accuracy of 0.1 mm. Mozersky 
et al. (1972) used the UET to measure the elastic properties of the human 
femoral artery. The pressure-strain elastic modulus of the human femoral 
artery and the external iliac arteries obtained by using the UET was found 
to be quite similar to the values previously reported by other authors 
using other techniques. 
It is pertinent to note that the contour of the arterial wall-dis­
placement pulse recorded with the UET is nearly identical to that of the 
pressure pulse. It will be seen later that it is possible to transform 
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the arterial wall-displacement pulse waveform into the pressure pulse 
waveform by using a suitable transformation relationship. 
Noninvasive Measurement of Velocity 
Doppler velocimeters were developed by Satomura (1959). These in­
struments transmit a beam of ultrasound of constant frequency from a 
transmitter. The ultrasound scattered by the insonated structures is re­
ceived by a receiver adjacent to the transmitter. If the insonated 
structures are moving, the frequency of the received ultrasound will be 
changed by an amount proportional to their velocity. Thus, the difference 
between the frequency of the emitted and received ultrasound is an indica­
tion of the velocity of the moving structures. If the transmitted beam 
insonates an artery, the red blood cells which are moving scatter the 
ultrasound and cause a frequency shift. If a single moving cell is 
insonated, its velocity can be calculated by the Doppler equation 
V = fc/2Fcosa (2.19) 
where 
f = difference in frequency between the transmitted and the received 
ultrasound 
F = frequency of the transmitted ultrasound 
c = the velocity of sound in blood 
a = the angle between the ultrasound beam and the axis of the artery 
Lunt (1975) carried out an extensive analysis of the accuracy and the 
limitations of the Doppler flowmeters incorporating zero crossing de­
tectors. He suggested that in spite of all its limitations, these 
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instruments are capable of measuring the velocity of blood to about 20% 
accuracy and can detect changes in velocity of about 5%. 
Bernstein et al. (1970) suggested that directionally sensitive 
Doppler flowmeters are very good noninvasive diagnostic tools. They indi­
cated that the flowmeter could be used to diagnose occlusive arterial 
diseases and chronic veinous diseases. Doppler flowmeters could also be 
used to monitor patients during and after vascular reconstruction opera­
tions. 
Reagen et al. (1971) measured the blood flow in the femoral artery 
transcutaneously. In order to do this, they used a UET to obtain the 
diameter of the vessel and a directional Doppler flowmeter (USF) to obtain 
the cross-sectional averaged flow velocities. They found that the calcu­
lated volume flow rate from their experiments agreed with those measured 
by using indicator dilution methods. 
Shoor et al. (1979) confirmed the findings of Lunt (1975). They 
found that the blood velocities measured by the USF were within 5% of that 
measured by electromagnetic flowmeters (EMF) in in vitro conditions. They 
also suggest that the USF could be routinely used to provide quantitative 
measurements of blood flow with an accuracy of 10% to 20%. Similar re­
sults have been reported by Moss and Bennett (1979). 
Hankner (1978) compared the flow waveform obtained from the USF and 
the EMF and found that the waveforms obtained by both these methods were 
comparable for low velocities and pulse frequencies. He suggested that 
the limitations in the performance of the USF would prevent an accurate 
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measurement of the flow waveform in physiological conditions when the peak 
cross-sectionally averaged velocities exceeded approximately 0.8 m/s. 
These past studies thus suggest that with careful measurement tech­
niques, it may be possible to use the USF and the UET to measure nonin-
vasively (and with reasonable accuracy) the instantaneous cross-sectional-
ly averaged velocity of blood and the changes in the diameter of the 
artery. A transformation can be used to transform the vessel wall-dis-
placement pulse into the arterial pressure pulse. Ultrasonic measurement 
techniques thus make it possible to measure noninvasively pressure and 
flow waveforms which can be used as input quantities in a parameter esti­
mation scheme. 
Parameter Estimation Technique 
Once a realistic mathematical model of the arterial segment has been 
prescribed, it can be used in two different ways. It can be used as a 
research or predictive tool in which the model parameters can be changed 
and their effects on flow variables observed and tabulated. This could 
lead to a better understanding of the functioning of the system in ab­
normal or diseased states. The model can, however, also be used as a 
diagnostic tool. 
The process of diagnosis in a physiological situation involves the 
analysis of symptoms in order to decide on the nature of the disease con­
ditions. The symptoms that usually characterize the build up stenosis in 
an arterial system are significant changes in arterial flow and pressure. 
Thus, by analyzing the flow and the pressures in an arterial segment, it 
20 
should be possible to draw some conclusions about the presence or absence 
of a stenosis. However, the most common diagnostic tool for obtaining 
specific information about the stenosis, such as its severity and its 
location, is arteriography, an invasive technique. 
Parameter estimation is another potential method for obtaining the 
information pertaining to the stenosis. In this method, system variables 
which are amenable to measurement, such as the flow and the pressure, are 
used as input data for the model. As described previously, the unknown 
parameters in the model are set at a given value and the model is solved. 
The values of the system variables predicted by the model are then com­
pared with the directly measured values of the corresponding variable, and 
the difference between the measured value of a variable and its value as 
predicted by the model is minimized by systematically varying the values 
of the unknown system parameters. The model is said to be optimally ad­
justed when this error is minimum. The values of the system parameters 
which yield such an optimal adjustment are called the "best estimates." 
Thus, it is possible to estimate indirectly parameters which cannot be 
measured directly by using directly measured values of other system varia­
bles. 
Theoretically, parameter estimation is an excellent diagnostic tool, 
and it is reasonable to expect that it would be widely used in the bio­
logical field where one encounters a large number of parameters which are 
difficult to measure. However, such has not been the case. Rideout and 
Beneken (1975) and Bekey and Yamashiro (1976) present a survey of the 
applications of the parameter estimation methods in the physiological 
21 
disciplines. These authors have indicated the reasons why the 
parameter estimation schemes have not found a wider acceptance in the 
biological field. Some of the reasons cited by the authors which are 
particularly relevant to this study are: 
1. The difficulty in designing good experiments in order to obtain good 
input-output data for the parameter estimation schemes. 
2. The problem of obtaining accurate measurements of the system varia­
bles. 
3. Problems associated with prescribing reasonably accurate mathematical 
models to represent a biological system realistically. 
4. The nonlinearities in the system which lead to nonunique estimates of 
the parameter values. 
5. The high cost of computation associated with most parameter estimation 
schemes. 
Although there are obvious difficulties, several previous studies in­
volving parameter estimation have been reported. 
Sims (1972) used a 10 compartment analog model of the arterial system 
of a dog. He used Marquardt's scheme to estimate 13 parameters (com­
pliances and peripheral resistances) in the model. The estimates were 
based on 2 invasive flow and 3 pressure measurements made at various sites 
along the arterial tree. Model-to-model tests to validate the estimation 
scheme converged in 8 iterations. The estimates for most of the parame­
ters of interest were satisfactory. However, there were large errors in 
the estimated values of two peripheral resistances and a compliance. He 
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also mentions that a very large amount of computer time was required to 
obtain convergence in the model-to-model tests. 
Wesseling etal. (1973) used a least-squares error criterion to esti­
mate the radius and compliance of an artery, the inertance of the various 
segments along the artery, and the peripheral resistance in a lumped 
linear four segment model. The input and output data for the estimation 
scheme consisted of uncalibrated recordings of the pressure pulse taken 
at the brachial artery and the radial artery, respectively. They attempt­
ed to match the output from the model with the pulse waveform at the 
radial artery by varying the system parameters manually. Each model 
parameter was adjusted independently in order to obtain a match. They 
found that the estimates for the parameters fell within the physiological 
range. 
Chang et al. (1974) used a lumped analog model. They used the 
Hooke-Jeeves pattern search method to optimize the parameters. An in-
vasively obtained pressure waveform was used as the input to the parameter 
estimation scheme. Two pressure and two flow waveforms were used for 
comparison and matching. They attempted to estimate the radii and the 
length of the vessels, the elastic modulus of the vessels and the re­
sistances in each section. Model-to-model tests yielded good results. 
However, a large number of iterations were required to obtain the optimum 
values of the parameters. 
Bourne and Kitney (1978) developed a 11 compartment model of an 
artery. Included in the model were 3 branches. They used a modified form 
of the Rosenbrook method, a direct search method, to optimize the values 
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of the parameters. Measured aortic flow was the input into the estimation 
scheme and measured arterial pressure was used for comparison and model 
fitting. They attempted to estimate the overall arterial compliance and 
the total peripheral resistance. Model-to-model tests yielded reasonably 
good results. The authors also tried to quantify the effects of noise in 
the measured values of the input and output data. Such an analysis is 
particularly relevant in a clinical situation where there is invariably 
some noise superimposed on measurements, and the use of such noisy data as 
input or output to the estimation scheme will lead to inaccurate estimates 
for the system parameters. The authors superimposed randomly generated 
white noise on the pressure waveform used for model fitting. They found 
that the errors in the estimated values of the parameters when noisy data 
were used for model fitting was comparable to noise added to the pressure 
wave form. It was also seen that the estimated values of the compliance 
were quite sensitive to the noise in the pressure data. The estimates for 
the peripheral resistance, however, did not vary significantly when noise 
was added to the pressure data. 
Clark et al. (1980) used a modified 2 compartment Windkessel model of 
the arteries. They estimated the lumped viscoelastic properties of the 
aorta and the large arteries, the compliance of the systemic circulation, 
the inertance of the fluid columns connecting the two compartments and the 
initial flow. The pressures in the left ventricle, the ascending aorta 
and the brachial artery were used as inputs into the estimation scheme. 
Proximal and distal pressures in the system were used for comparison and 
model fitting. A set of initial guesses for the parameter values was 
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chosen by using a modified Prony method and the Marquardt scheme was used 
for the estimation of the parameters. The model-to-mode1 tests yielded 
good results and the model-to-human tests yielded physically reasonable 
estimates. 
Young et al. (1980) used the finite element method to solve the 
mathematical model of pulsatile flow in flexible tubes. They used a 
least squares estimation procedure incorporating the Gauss-Newton 
linearization scheme to predict the various model parameters. The flow 
system was modeled physically using a simple hydraulic model from which 
flow and pressure data for input to the estimation scheme were obtained. 
The authors investigated the effects of using different sets of boundary 
conditions to solve the model and the use of different input data, such 
as, the proximal and distal pressures and flows for optimization of 
parameters. They found that the flow-flow or the flow-resistance 
boundary conditions when used with the proximal or distal pressure wave­
form for comparison and model fitting yielded the most reliable estimates 
for the system parameters. Their study indicated that the solution of the 
model is not very sensitive to changes in some system parameters such as 
the radius of the tube. These parameters could not, therefore, be esti­
mated accurately. The compliance of the tube and the peripheral resistance 
were estimated within 10% of the measured experimental values. 
Gray (1981) used a mathematical model to describe pulsatile flow 
through a flexible tube with a branch. Initially, he attempted to esti­
mate the severity and the location of the stenosis in a straight tube 
without branches. The proximal flow and distal pressure data obtained 
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from a hydraulic model were used as boundary conditions to solve the 
model. The distal flow and the proximal pressure were used for comparison 
and model fitting in the parameter estimation scheme. He used an ordinary 
least squares scheme incorporating the Gauss-Newton linearization method 
to optimize the parameter values. Model-to-model tests to validate the 
estimation scheme yielded very accurate estimates for the parameters. In 
the model-to-experiment tests, when a stenosis representing an area re­
duction of 90% was introduced in the flow field, the estimates for the 
area reduction and the location of the stenosis were within 10% and 17%, 
respectively, of the experimentally measured values. With a stenosis 
representing an area reduction of 75% located midway between the proximal 
and distal measurement sites, he was able to obtain an estimate for the 
area reduction which was within 13% of the experimentally measured value. 
He was unable to obtain a reasonable estimate for the location of the 
stenosis in this case. He then conducted similar tests on a branched 
tube. The proximal flow and the peripheral resistance of the branch and 
the main tube were used as boundary conditions to solve the model. The 
proximal pressure and the distal flow in the main tube were used for com­
parison and model fitting. When a stenosis representing 90% area reduc­
tion was Introduced in the flow field In the main tube, reasonably 
accurate estimates were obtained for the values of the compliance of the 
main tube and the severity and the location of the stenosis. Based on the 
results of the model-to-model tests, he attributed the discrepancy between 
the estimated and measured values of the parameters in model-to-experiment 
tests to inaccuracies in measurements and modeling errors. 
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A perusal of the above literature review indicates that considerable 
research has been done in the areas of mathematical modeling of pulsatile 
flow in segments of arteries, and noninvasive measurements of flow and 
pressure waveforms. Some work has been done in the application of the 
parameter estimation techniques to predict important parameters in the 
cardiovascular system. Gray (1981) has been able to establish some 
bounds on the errors to be expected when the ordinary least squares 
estimation technique is used to estimate the parameters in a hydraulic 
model of the flow in a segment of the artery. 
The purpose of the present work is to attempt to extend and integrate 
various aspects of these past studies, and to systematically investigate 
the possibility of estimating some of the critical parameters in the 
mathematical model based on noninvasively obtained measurements. 
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CHAPTER 3. THEORETICAL ANALYSIS 
The survey of pertinent literature in the previous section indicates 
that the flow of a fluid in an obstructed tube can be represented mathe­
matically by the continuity equation, the linearized axial momentum equa­
tion, a linear equation of state, and an empirically derived equation 
giving the pressure drop across the constriction. This set of equations 
was solved using the finite element method. 
The discretization of the solution domain, the formulation of element 
coefficient matrix and the assembly of the global stiffness matrix follow 
essentially along the lines suggested by Rooz (1980). Some changes were 
made In the formulation of the global matrix to account for the fact that 
the length of the stenosis may be different from the length of the ele­
ments in the unobstructed sections of the tube. Some minor changes were 
also made in the values of some of the elements of the element coeffi­
cient matrix. 
A summary of the mathematical model used, the numerical solution 
procedure and the parameter estimation scheme will be given in this 
chapter. 
Mathematical Model 
The flow geometry investigated In this study is given In Fig. 3.1. 
The following assumptions are made in order to arrive at a set of 
linearized partial differential equations describing the pulsatile flow 
of a Newtonian fluid in a flexible tube: 
Fig. 3.1A, Layout of straight unobstructed tube 
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1. The cross-sectional area of the tube is a linear function of the 
pressure and changes in the area are small compared to some reference 
area. 
2. The friction term in the axial momentum equation can be approximated 
by the Poiseuille flow friction term. 
3. The convective acceleration term in the momentum equation can be 
neglected. 
4. The tube is taken to be nontapered, homogeneous, and incompressible. 
The linearized continuity and axial momentum equations can then be written 
as 
Stenosis Model 
The following empirical equation derived by Young and Tsai (1973a,b) 
is used to obtain the pressure drop across a rigid constriction in a 
flexible tube. 
The coefficients K^, and generally depend upon the stenosis 
geometry and the frequency parameter. Of these, and appear to 
exhibit only slight dependence on the geometry and the frequency parame­






simple stenosis geometries (Young and Tsai, 1973a,b). The authors also 
suggest that can be approximated by the equation 
L- A« n 
K„ = 32 (5^)2 (3.4) 
where 
LG = 0.83LG + 1.64D^ (3.5) 
Numerical Solution 
The finite element method was used to solve the system of partial 
differential equations. The solution domain was discretized in time and 
in the axial direction by using linear rectangular elements. The 
discretization scheme is illustrated in Fig. 3.2. The horizontal and 
vertical sides of each element represent a length and time step, respec­
tively. A coordinate system embedded in the centroid of each element was 
used. Based on this coordinate system, the nondimensional spatial and 
time variables could be defined as follows: 
r = x/a (3,6) 
and 
s = t/b (3.7) 
where a and b are the half length and time steps, respectively. Nodal 
pressures and flows were described by the equation 
{q} - [N]{<S}g (3.8) 
where [N] is the shape function matrix given by 
ijl N-i, 0, N«, 0, N-, 0, N., 0 
[N] = [^2] = [Q, N^, 0, NG, 0, NG, 0, 
Fig. 3.2. Details of finite element grid showing time and spatial coordinate system 
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Nj =(1/4) (1 + rr^)(l + ss^) 
= ±1, s. = ±1, i = 1, 2, 3, 4 
{^}G~ [P]> Q]» ^2' P3' ^3' P4* Q^] 
The nodal pressure and flow equation was substituted into Eqs. (3.1) and 
(3.2) to obtain 
1-1 - + C[N ]^jSj{«}j (3.9) 
and 
4 = T ^ + ¥ CN^](«E (3-1°) 
2 2 0 
where [N = 9[N ]/ar, r^ = ar/ax, etc. The Galerkin method was used to 
obtain the element equations, 
/ftabCN^L^dA + /^abCN^LgdA = 0 (3.11) 
where dA = dsdr. The element equations were assembled using the direct 
assembly procedure to obtain the global equation given by 
[A]{6} = 0 (3.12) 
where [A] is a 2n by 2n matrix of constant coefficients and 
{6} = CP"! > QI » P2» ^2* •••' P2N' ^2N^ 
As the solution marches in time, the pressures and the flows at the 
odd numbered nodes are known from the solution at the previous time step. 
Thus, the number of unknowns is reduced by half the original number and 
the [A] matrix is now a n by n matrix. The known pressures and flows are 
multiplied by the corresponding coefficients in the [A] matrix and carried 
to the right hand side of Eq. (3.12) to form the force vector. Equation 
(3.11) is then written as 
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[A*]{ô*} = {f*} (3.13) 
ic ic iç 
where [A ] is the reduced [A] matrix, {f } is the force vector and {& } is 
given by 
{6 } - {P2» Q2: P/^» •••» PGN' ^2N^ 
Equation (3.13) constitutes a set of algebraic equations describing the 
flow in an unobstructed tube. 
The position of an isolated stenosis in the tube is specified by 
assigning an element number to it. The tube then consists of three parts, 
a portion of unobstructed tubing proximal and distal to the stenosed ele­
ment and the stenosis element itself. The equations that govern the flow 
in the stenosed element are given by 
'S. • -U • 5 «5. * s • y ^  
and I'-") 
4' " A  
where At is the time increment. The superscripts and the subscripts in 
Eqs. (3.14) and (3.15) refer to the time levels and to the node number, 
respectively. 
Equations (3.13) through (3.15) constitute a set of algebraic equa­
tions describing flow through an obstructed tube. Proximal and distal 
boundary conditions need to be specified to solve this set of equations. 
In this study, the proximal flow and a lumped linear distal resistance 
were used as boundary conditions. This set of boundary conditions have 
previously yielded good results (Rooz, 1980). Additional details of de­
velopment of the element and global coefficient matrix and the numerical 
solution procedure used in this study are given in Rooz (1980). 
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Parameter Estimation Technique 
As noted elsewhere, the parameter estimation technique provides a 
means of indirectly estimating system parameters from directly measured 
system variables. The mathematical model used in this study contains 
several parameters which are of interest in a study of flow through a 
segment of obstructed artery. These are as follows: fluid density, fluid 
viscosity, vessel radius, vessel length and compliance, and parameters 
pertaining to the stenosis such as its severity and location. In addition, 
if the distal boundary condition is specified by prescribing a lumped 
linear resistance, then the distal resistance could be added to the 
parameters to be estimated. In this study, the fluid properties were 
assumed to be known since they can be readily measured directly. It was 
also assumed that the vessel length between the upstream and downstream 
measurement sites was known. The UET used to track the diameter changes 
could also be used to determine an approximate value for the vessel 
diameter (Mozersky et al., 1972; Hokanson et al., 1972). Also, the com­
pliance of the latex tube used in the hydraulic model was calculated 
directly from the experimental data. The details of the compliance 
calculations are given in the Appendix. Thus, the system parameters to 
be estimated were the stenosis parameters, and the distal resistance (if 
used as a boundary condition). 
The process of estimating the desired parameters involves the fol­
lowing steps: 
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1. Set the values of the unknown parameters in the model at an initial 
value, which is assumed. 
2. Use measured values of the system variables as boundary conditions and 
solve the model. 
3. Record the values of the pressures and flows at desired locations 
along the length of the tube as predicted by the model. 
4. Compare the predicted value of the variable used for model fitting 
with the corresponding directly measured value. 
5. Adjust the value of the model parameters systematically to minimize 
the difference between the measured value of the system variable and 
the corresponding value predicted by the model. The values of the 
parameters which minimize this difference are taken to be the best 
estimates for those parameters. 
This process is depicted schematically in Fig. 3.3. 
In this study, the method of ordinary least squares (OLS) was used to 
obtain the optimum estimates for the parameters. In this method, an 
attempt is made to minimize the value of the sum of the squares of the 
difference between the measured value of a variable and the corresponding 
value predicted by the model. Thus, if 
s = [Y - y(Ç)fCY - ym] (3.16) 
where 
Y = a set of measured values 
y(F) = corresponding model values for a set of parameters F 
Then, in the OLS scheme, an attempt is made to minimize the value of S by 
varying the values of the system parameters. 
Fig. 3.3. Schematic representation of parameter estimation scheme 
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In general, y(¥) can be linear or nonlinear in the parameters. For 
the problem being studied, y(¥) is a nonlinear function of F. The Gauss-
Newton linearization scheme (Beck and Arnold, 1977) has been used in this 
study to linearize the minimization scheme. Details of the linearization 
scheme can be found in Gray (1981). This method yields an interative 
scheme of the form given by Eq. (3.17) to update the values of the vector 
and minimize the value of S through the equation. 
b*+T = 5% + ([xK]T[xK])-T([xK][Y - J\) (3.17) 
where 
!/ 
b^ = the vector of parameter values at the kth iteration 
[X^3 = the sensitivity matrix 
Y = the vector representing measured data 
y = the vector representing model corresponding model response 
The superscripts in Eq. (3.17) refer to the iteration level. 
The sensitivity coefficient matrix [X] in Eq. (3.17) is computed by 
using the Taylor series approximation. Initially, the model is solved 
using the parameter values {¥}. Next, the first component of b-j of the 
vector is incremented by a small amount and all the other elements of the 
vector are kept at their initial values. The model is solved again and a 
first order approximation for the matrix [X] is computed by using Eq. 
(3.18), i.e., 
VK _ . YFT]' ''J * ABJ) - ''J' (3 
This process is repeated for all other parameters. The parameter vector 
—K+1 b obtained by using Eq. (3.17) represents a better estimate for the 
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parameter values if the value of S in Eq. (3.16) decreases with each 
iteration. 
Usually, computation is stopped when the change in the value of 
is very small compared to 5*, i.e., when 
K+1 ûibî = -i ^ < 0.001 j = 1, 2, 3 n (3.19) 
' ^ |bj| +10"^" 
It has been observed (Beck and Arnold, 1977) that the value of that 
meets the criterion described by Eq. (3.19) may not yield a minimum for 
the value of S. It is, therefore, necessary to monitor the value 
of S at each iteration level. It has also been observed that the value 
of S may increase temporarily in order to reach a parameter space where a 
K+L global minimum exists. It is noteworthy that A^bj seems to decrease 
with a decrease in S in the parameter space where a global minimum for S 
K+L 
exists. In this study, the values of A^bj and S were monitored at each 
iteration level. Initially, the search for a new value of the vector 
was carried out until the value of S started to increase. Or, 
K+l At this point, a test was performed to see how the term A^bj was be­
having. The following two cases were observed, and depending on the 
L/XL 
value of A^bj , the following action was taken. 
Case 1 
and 
GK+L ^ GK 
A^B^^^ > A^B* 





The value of the parameter vector was reinitialized to the value at 
previous iteration level K, and the step size in the parameter space was 
halved. The search was continued until the step size was reduced by 1/8 
of its original value. Finally, the value of S when the solution con­
verged was compared with the least value of S obtained during the solution 
procedure. If the value of S at convergence was the least value obtained, 
then the iteration procedure was terminated and the value of the parameter 
vector which gave this minimum value of S was taken to be the best esti­
mates for the model parameters. Otherwise, the value of the parameter 
vector was reinitialized at the value which gave the least value of S 
through the iteration procedure, the step size for incrementing the 
parameters was reduced to half its starting value, and iterations re­
started to see if a better minimum for S could be obtained. At the end 
of this procedure, the value of the parameter vector which yielded the 
minimum value of S was taken to be the best estimates for the model 
parameters. 
One of the difficulties associated with the use of parameter estima­
tion techniques is that they can yield nonunique results. In other words, 
there may be more than one combination of the parameter values which yield 
the same value of S. Also, the optimum estimates for {¥} may depend on 
the initial guess for the value of the parameter vector {¥}. The 
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termination criterion outlined above seemed to alleviate the problems of 
nonunique estimates and starting value dependency, at least for the 
problem under investigation. 
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CHAPTER 4. EXPERIMENTAL METHODS AND MATERIALS 
A major objective of the present study was to determine the feasi­
bility of using noninvasively measured values of the system variables to 
estimate certain unknown parameters in the system. It was, therefore, 
necessary to build a simple physical model from which direct measurements 
of parameters could be obtained to compare them with the estimated values. 
In a physical model, it is possible to measure the system variables fair­
ly simply and accurately, and also vary the system parameters, such as the 
compliance of the tube, and the severity and the location of the stenoses. 
Once the measurement techniques and the efficacy of the estimation scheme 
were validated in a simple model, they could be applied to a more complex 
physiological system. The physical model used in this study consisted of 
a hydraulic model of pulsatile flow in a flexible tube containing an ob­
struction. 
The hydraulic model was used for the following purposes: 
1. To explore the feasibility of using the UET to predict pressure wave­
forms and vessel compliance. 
2. To compare the estimates for the compliance of the tube and the 
stenosis parameters obtained by using noninvasive measurements with 
those obtained by using invasive measurements. The estimated values 
were also compared with the values measured directly from the 
hydraulic model. 
To further validate the technique, animal experiments were conducted 
on mongrel dogs. Details of the hydraulic model and animal experiments 
are given in this chapter. 
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Hydraulic Model 
The main components of the model consist of a flexible tube, a 
variable speed and discharge pump, and a distal resistance in the form of 
a series of small diameter tubes stretched in parallel between two 
headers. The data acquisition system consisted of a Grass model 7 poly­
graph, which was used to record the analog signals received from Statham 
pressure transducers (P23Dc), the ultrasonic echo tracking system (D. E. 
Hokanson, Inc.), the electromagnetic flowmeter (Biotronix BL-610) and a 
Parks model 909 continuous-wave Doppler flowmeter. The analog signal re­
ceived by the strip chart recorder was sampled every 0.010 s and digi­
tized by using an eight channel A/D converter and the digitized data were 
acquired by an eight bit CBM model 2001 PET microcomputer and stored on 
floppy diskettes for further analysis. Figure 4.1A shows the pump, the 
flexible tube test section, the distal resistance and the instrumentation 
used in the hydraulic model testing. Figure 4.IB shows a general layout 
of the laboratory and the data acquisition and storage systems. Details 
of the test section and distal resistance used can be seen in Figures 
4.2A and 4.2B, respectively. 
A flexible latex tube (6.34 mm I.D.) was used to simulate the 
artery. The ends of the tube were attached to Plexiglas fittings which 
were fixed to the test bench. This arrangement prevented the axial move­
ment of the tube but allowed it to expand and contract in the radial 
direction. Hypodermic needles were introduced into the Plexiglas fittings 
through holes drilled in them. The position of the needles were adjusted 
Fig. 4.1A. General layout of the hydraulic model 
P = variable speed, variable discharge pump 
FTTS = flexible tube test section 
DR = distal resistance 
FM = electromagnetic flowmeter 
EC = phase-locked echo tracker 
UF = continuous-wave Doppler flowmeter 
W = water column 
Fig. 4.IB. General layout of hydraulic model showing details of 
data acquisition system 
A? 
Fig. 4.2A. Details of hydraulic model showing invasive instrumentation 
WL = working length of flexible tube 
S = stenosis 
PFP = proximal electromagnetic flow probe 
DFP = distal electromagnetic flow probe 
PPT = proximal pressure transducer 
DPT = distal pressure transducer 
Fig. 4.2B. Details of distal resistance 
Fig. 4.2C. Details of arrangement to constrain axial movement of 
flexible tube showing pressure transducer 
Fig. 4.2D. Middle section of test section showing Plexiglas plugs 
used to simulate stenoses 
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such that their ends were flush with the inside walls of the fittings and 
did not disturb the flow. Strain gauge type pressure transducers were 
connected to the outer ends of the hypodermic needles to measure the pres­
sures at both the proximal and distal ends of the tube. Flow in the tube 
was measured by two 3-mm lumen diameter, in-line electromagnetic flow 
probes (In-Vivo Metric), mounted in close proximity to the pressure taps. 
The flow probes were connected to an electromagnetic flowmeter. This 
arrangement made up the instrumentation for invasive pressure and flow 
measurements. Figure 4.2A shows the test section of the latex tube and 
the arrangement of the proximal and distal pressure transducers and 
electromagnetic flowmeters. Figure 4.2C shows the details of arrangement 
to constrain the axial movement of the test section and Fig. 4.2D shows 
the stenosis. 
A Parks model 909 continuous-wave Doppler flowmeter was used to 
measure the flow in the tube noninvasively. A flow probe holder was de­
signed and fabricated to allow the probe to be pivoted through an angle 
of 45° from its initial position. The probe was initially positioned such 
that its axis was perpendicular to the axis of the tube. It was then 
rotated through an angle of 45° to measure the flow. Figures 4.3A and 
4.3B show details of the positioning of the USF. 
The phase-locked echo tracking system (UET) used in this study was 
developed by Hokanson et al. (1972) specifically to measure transcutane-
ously the diameter of an artery and the diameter changes that occur with 
the pressure pulse in major peripheral arteries. A transmitter is used 
to transmit repeated short bursts of ultrasound of approximately 5 MHz 
towards the artery and to detect the echo from the artery. The time 
Figs. 4.3A and 4.3B. Details of ultrasonic flow probe positioning 
Figs. 4.3C and 4.3D. Details of echo-tracker probe positioning 
M 
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interval between the transmission of the ultrasound burst and its recep­
tion depends on the distance from the transmitter to the reflecting 
surface. The output of the receiver is displayed on an oscilloscope 
synchronized with the repetition rate of the transmitter to permit the 
observation of the moving echoes caused by the displacement of the arte­
rial wall. The oscilloscope is also used to show the position of two 
tracking gates in relation to the moving echoes. When these gates are 
moved to coincide with the position of the echoes and locked on to them, 
they will follow the moving echoes. The distance between the tracking 
gates is converted into a voltage which is amplified and fed to the re­
cording device (Grass model 7 polygraph) to measure the changes in the 
diameter of the artery. This system is capable of measuring diameter 
changes of the order of 0.002 mm while the diameter of the artery can be 
measured to within 0.1 mm. 
The UET probe was mounted vertically on a positioning stand which was 
clamped to the test bench. The probe was positioned on the test section 
of the tube some distance away from the fixed ends, and the echoes from 
the tube were monitored on an oscilloscope. The probe was positioned such 
that it was perpendicular to the axis of the tube and the echoes from the 
walls of the tube were sharp. Figures 4.3C and 4.3D show the details of 
the positioning of the UET. 
The test fluid was a solution of potato starch in physiological 
saline. The density and the viscosity of the solution were 997 kg/m^ and 
P 
0.89 mN-s/m , respectively. Pulsatile flow was produced by a variable 
stroke syringe pump powered by a variable speed motor. A closed loop flow 
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system was used in which the pump took suction from a closed reservoir. 
The pump discharge was connected to the test section through a length of 
clear plastic tubing. The discharge from the test section passed through 
the distal resistance from where it returned to the closed reservoir. 
Calibration of Instruments 
Pressure transducer calibration 
The pressure transducers were calibrated by pressurizing the flow 
system through a series of pressures and reading the corresponding values 
of pressure head directly from a water column. Simultaneously, the 
voltage signal from the pressure transducer was recorded on the strip 
chart recorder, digitized and stored on floppy diskettes for further 
analysis. 
Ultrasonic echo tracker calibration 
The UET was calibrated by using a calibration device built into the 
echo tracker. When the calibration button on the UET was pressed, the 
voltage output from the instrument corresponded to a distance of 5 mm. 
The instrument output was first zeroed and the corresponding deflection in 
the strip chart recorder was digitized and stored. Next, the calibration 
button was pressed and the deflection on the strip chart recorder was 
digitized and stored for further analysis. It is worth noting that the 
calibration signal of the UET corresponded to a distance of 5 mm. This 
was very large compared to the maximum diameter change in the tube which 
was of the order of 0.5 mm for the pressures generated by the pump. Care 
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had to be taken in adjusting the settings of the recorder to avoid saturat­
ing the amplifiers at the calibration signal. 
Flowmeter calibration 
The electromagnetic and ultrasonic flowmeters were calibrated under 
steady-flow conditions. At the end of each experimental run, the pump was 
stopped and the flow system connected to a calibration reservoir contain­
ing the test solution. The calibration reservoir was placed approximate­
ly one meter above the test bench. Under steady-flow conditions, a 
quantity of the fluid flowing through the system was drawn into a gradu­
ated cylinder. The time taken to collect the fluid was also noted. The 
volume of fluid collected when divided by the time taken gave the flow 
rate. The signal received from the flowmeters corresponding to each flow 
rate was digitized and stored for analysis. Typically, five sets of data 
each were collected and stored to calibrate the flowmeters and the pres­
sure transducers. 
Experimental Procedure 
The experimental setup described above was first used to validate the 
use of the UET and then to acquire both invasive and noninvasive pressure 
and flow data for use in the parameter estimation scheme. The details of 
the experimental procedure are given below. 
Verification of the UET 
A series of dynamic tests were carried out on two latex tubes of 
different wall thicknesses to evaluate the performance of the UET. Each 
tube had an I.D. of 6.34 mm and was 0.39 m long. The tube was straight 
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and unobstructed. At the start of each test, the pump was started and 
left running until steady flow was achieved. The UET probe was positioned 
some distance from the fixed ends of the tube and acoustically coupled to 
the wall of the tube through a gel. The reflections from the walls of the 
tube were monitored on an oscilloscope and the gates of the UET were set 
to track the motion of the walls of the tube as the fluid flowed through 
it. The output from the UET and the pressure transducer nearest to it 
were recorded on the strip chart recorder, digitized and stored for 
analysis. The output from the UET when recorded gave the contour of the 
arterial wall-displacement pulse. The output from the pressure trans­
ducer gave the contour of the instantaneous pressure pulse. In each 
test, data corresponding to three cycles of pulsatile flow were recorded 
and stored for analysis. The pump was then stopped and the UET and the 
pressure transducer were calibrated as described. An analysis and cali­
bration program written in CBM Basic was used to analyze the raw data from 
each test and to calculate the compliance of the tube using the formula 
„ _ '^'^MEAN^^MAX " ^MIN) /„ I\ 
' - PMIN) 
where 
C = compliance of the tube 
Dfjiax = maximum diameter of the tube in a cycle 
= minimum diameter of the tube in a cycle 
mm 
Dmean ~ diameter of the tube at atmospheric pressure 
Pmax " maximum pressure in a cycle 
Pmin = minimum pressure in a cycle 
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The details of the calculation of the compliance are given in the 
Appendix. The calibration program was also used to convert the arterial 
wall-displacement waveform into the instantaneous pressure pulse. 
Each dynamic test was followed by a static test to determine the 
compliance of the tube directly. The tube was clamped off upstream of 
the proximal pressure tap and downstream of the distal pressure tap. The 
distal pressure transducer was disconnected and known volumes of the test 
fluid were injected in incremental steps into the test section. The rise 
in pressure corresponding to each incremental volume injected was noted. 
The incremental volume at each step was divided by the length of the test 
section to obtain the increase in cross-sectional area of the tube at each 
step. The increment in area was plotted against the pressure in the tube, 
and the slope of this curve, dA/dP gave the compliance of the tube. 
Tests with stenoses 
Blunt Plexiglas plugs with outside diameter of 6.34 mm and specified 
inner diameters were used to simulate stenoses of varying severities. 
Figure 4.2D shows the midsection of the latex tube and some of the plugs 
used to simulate the stenoses. In each experimental run involving a 
stenosis, a plug of known internal diameter was inserted into the tube so 
that it formed an axisymmetric constriction in the flow field. The plug 
was placed midway between the proximal and distal measurement sites and 
its position fixed by using an external tie. The pump was started and run 
until steady flow was reached. Data from the proximal and distal pressure 
transducers and flowprobes were recorded to obtain invasive measurements. 
The UET probe was first positioned near the proximal pressure tap and the 
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USF probe near the distal pressure tap such that the stenosis was located 
midway between these measurement points also. Initially, the USF probe 
was placed with its axis perpendicular to the axis of the tube. Then it 
was rotated so that its axis made an angle of 45° to the axis of the 
tube. The data from the USF corresponding to distal flow and the UET 
corresponding to proximal pressure were recorded, digitized and stored. 
The UET was calibrated in position. The position of the USF and the UET 
was interchanged with the pump still running and distal pressure and 
proximal flow data were recorded, digitized and stored. The UET was 
calibrated again in the new position. The pump was stopped and the USF 
and the EMF were calibrated under steady-flow conditions. Finally, the 
pressure transducers were calibrated. This completed one test run. 
The seemingly complicated method of collecting noninvasive pressure 
and flow data was necessary since only one UET and one USF were available 
in the laboratory. If a pair of UETs and USFs were available, then the 
USF and UET probes could have been positioned at the proximal and distal 
measurement sites and the switching of the probes could have been avoided. 
At the end of each test run, all the data were analyzed and a print­
out of the flows and pressures over one cycle was obtained. The data from 
the UET were used to determine the compliance of the tube. A Fourier 
analysis program was used to calculate the Fourier coefficients which in 
turn were used to represent the pressure and flow waveforms. The Fourier 
coefficients and the compliance value obtained from each run were utilized 
as inputs into the parameter estimation program. For a subsequent test 
run, a plug of a different inner diameter was inserted into the tube and 
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the above procedure repeated. Tests were run with plugs which repre­
sented 94.3%, 86.0%, 74.8% and 53.8% area reductions. 
Animal experiments 
The aim of the animal experiments was to obtain invasive pressure and 
flow data from the femoral arteries of dogs after an isolated stenosis of 
known severity had been introduced into the artery. In each case, the 
pressure and flow proximal and distal to the stenosis were measured. 
These data were used as input into the parameter estimation scheme to 
estimate the stenosis parameters, and the estimated values compared with 
the measured experimental values. Figure 4.4A shows the general layout of 
the instrumentation used and Figure 4.4B shows the Grass polygraph used to 
record the analog signals and the data aquisition system. 
Five mongrel dogs of either sex and weighing between 30 to 40 kg were 
anesthetized with sodium pentobarbitol (30 mg/kg) given intravenously. 
The left or the right femoral artery was exposed and prepared for cathe­
terization. Stiff, thin walled pressure catheters filled with saline were 
introduced into two branches of the artery of inner diameters varying 
from 4.0 mm to 5.5 mm, and separated by distances varying from 50 mm to 
70 mm. The tips of the catheters were flush with the vessel wall and did 
not disturb the flow. The circumference of the artery was measured by 
wrapping a piece of string four times around the vessel. The length of 
the string required when divided by four gave the circumference of the 
vessel. From this, the inner diameter of the vessel was calculated 
assuming that the vessel wall thickness was 13% of the outer diameter of 
the vessel. The artery was clamped off proximally and distally using 
Fig. 4.4A. Details of laboratory setup for animal experiments showing 
instrumentation 
FM = electromagnetic flow meter 
P Tr = proximal and distal pressure transducers 
PT = proximal and distal pressure cannulae 
Fig. 4.4B. Details of data acquisition system for animal experiments 
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bulldog clamps. A blunt hollow Plexiglas plug with an external diameter 
approximately equal to inner diameter of the vessel was introduced midway 
between the pressure taps. Its position was fixed by using external ties. 
This plug simulated an isolated stenosis of known severity. The clamps 
were removed and two (In Vivo Metric) cuff type flow probes were mounted 
in close proximity to the pressure measurement sites. Figure 4.5A shows 
the exposed femoral artery and the position of the proximal and distal 
pressure transducers and electromagnetic flowmeters before the insertion 
of the stenosis, and Figure 4.5B shows the test section with the stenosis 
and the instrumentation in place. The animal was allowed to rest for a 
period of 10 minutes to allow the system to resume steady-state opera­
tion. Then, the proximal and distal pressure and flow data were col­
lected over three heart cycles, digitized and stored. The length of the 
artery between the pressure measurement sites, the distance between the 
leading edge of the stenosis and the proximal pressure tap, the length and 
the inner and outer diameter of the stenosis and the heart rate were also 
recorded. 
After the data had been collected, the flow meters were calibrated 
in vivo by collecting a measured quantity of blood over a known period of 
time. The animal was then euthanized. The pressure transducers were 
calibrated by using static calibration procedures outlined elsewhere. 
The data were analyzed and the Fourier coefficients were calculated to 
represent the proximal and distal pressures and flows. The Fourier co­
efficients and other required data were subsequently used in the parameter 
estimation scheme to estimate the stenosis parameters. 
Fig. 4.5A. Details of animal experiments showing exposed femoral 
artery and invasive instrumentation prior to the inser­
tion of stenosis 
FT = proximal and distal pressure cannulae 
PF = proximal and distal electromagnetic flow probes 
Fig. 4.5B. Details of animal experiments showing exposed femoral 
artery with stenosis in place 
PT = proximal and distal pressure cannulae 
PF = proximal and distal electromagnetic flow probes 
S = stenosis 
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CHAPTER 5. RESULTS 
The presentation of results of this study will be divided into five 
parts as follows: 
1. The feasibility of using the UET to measure the linear compliance of 
a vessel and pressure waveforms is established. 
2. The general validity of the parameter estimation technique is demon­
strated by conducting model-to-model tests, in which computer model 
generated data are used as input to estimate the model parameters. 
3. The use of noninvasive measurements as input to estimate system 
parameters in an unobstructed tube is considered. 
4. The estimation of stenosis characteristics, based on noninvasive 
measurements is validated by comparing the estimates with measured 
experimental values. Estimates based on noninvasive measurements are 
also compared with those based on invasive measurements of the system 
variables. 
5. The use of the estimation scheme in a physiological situation is in­
vestigated through animal experiments. 
Measurement of Compliance with the UET 
In this part of the study, the UET was used to determine the com­
pliance of the latex tubes through a series of dynamic tests. Each 
dynamic test was followed by a static test to determine the compliance by 
direct measurement by the procedure outlined in the preceding chapter. 
The data from the direct compliance measurement tests are plotted in Figs. 
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5.1 and 5.2. The plots of the increase in the cross-sectional area of the 
tube against the pressure indicate that it is reasonable to assume a 
linear area-pressure relationship for the tubes used in the hydraulic 
model. A summary of the compliance measurement tests are given in Tables 
5.1 and 5.2. It can be seen that the compliance predicted by the UET com­
pares well with that measured directly. 
The diameter-change waveform measured by the UET was transformed 
into a pressure pulse waveform by assuming a linear cross-sectional area-
pressure relationship. The actual pressure waveform was measured simul­
taneously using the strain-gauge type pressure transducers. The test data 
were analyzed and the Fourier coefficients for the pressure waveforms were 
obtained. The pressure waveform measured directly and that obtained by 
transforming the UET data were then reconstituted by using the first five 
Fourier coefficients. One pair of reconstituted waveforms is shown in 
Fig. 5.3. It can be seen that the pressure waveform predicted by the UET 
compares well in phase and amplitude with that measured directly. The 
results of all other dynamic tests yielded similar correlations between 
the directly and indirectly measured pressure waveforms. 
Validation of the Parameter Estimation Scheme 
Rooz (1980) conducted experiments on a hydraulic model similar to the 
one used in this study to validate the mathematical model and the numeri­
cal solution scheme proposed by him. The results of this study showed 
very good agreement between the model predictions and experimental wave­
forms. Since the model and the numerical solution scheme used in this 
Fig. 5.1. Change in cross-sectional area versus change in pressure for latex tube #1 
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Table 5.1. Results of tests to determine the compliance of latex 
tube #1 
Compliance, C, m^/N 
Run # Direct measurements Dynamic tests 
1 1.56X10-10 1.45X10-10 
2 1.59X10-10 1.66X10-10 
3 1.65X1--10 1.71x10-10 
4 1.59x10-10 1.62x10-10 
5 1.61x10-10 1.54x10-10 
Mean+S.D. (1.60±0.03)xl0"10 (1.60±0.08)xl0-10 
Table 5.2. Results of tests to determine the compliance of latex tube #2 
Compliance, C, m^/N 
Run # Direct measurements Dynamic tests 
1 2.48x10"10 2.52xl0"10 
2 2.46X10-10 2.68X10-10 
3 2.47x10-10 2.56x10-10 
4 2.34x10-10 2.41x10-10 
5 2.40x10-10 2.50x10-10 
MeaniS.D. (2.43+0.05)xl0-10 (2.53±0.09)xl0-10 
Fig. 5.3. Comparison of pressure waveforms measured by UET and pressure transducer 
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study were essentially the same as the ones used by Rooz (1980), no addi­
tional effort was made to validate the model. However, the parameter 
estimation scheme was tested in model-to-model tests to see if it would 
yield reasonable estimates for the parameters of interest. The validation 
of the scheme was carried out by initially defining the values of all the 
parameters in the model. The model was then solved and the pressure and 
flow waveforms predicted by the model were stored and used for subsequent 
model fitting. In the model-to-model tests, the proximal flow and a 
lumped linear distal resistance were used as boundary conditions and the 
proximal pressure waveform generated by the model was used for model 
fitting. This method of testing eliminates modeling and measurement in­
accuracies and any discrepancy between the estimated value of the parame­
ters and those used to produce the model input can be attributed to the 
inaccuracies in the estimation algorithm. 
A suimnary of the model-to-model test results is given in Table 5.3. 
In these tests, it was assumed that stenoses of different severity were 
placed midway along the length of the tube and the model was solved to 
produce a proximal pressure waveform for use as an estimator. The start­
ing values of the parameters of interest (the location and the severity of 
the stenoses) corresponded to a stenosis with a 99.0% area reduction lo­
cated 3/4 of the way along the length of the tube from the proximal meas­
urement site. All other parameters were assumed to be known. The scheme 
was used to produce the best estimates for these parameters based on the 
convergence criteria outlined in Chapter 4. In all cases, the model-to-
model tests yielded good results in that the estimated values of the 
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D, mm L, mm 
Estimated value 
D, mm L, mm 
Error (%)^ 
D L 
1 282 541 8.9 1.51 (94.3%)e 160.00 1.48 (94.6%) 
159.00 1.98 0.62 
2 309 539 9.2 2.47 (86.0%) 
153.00 2.37 (86.0%) 
152.00 0.00 0.65 




160.00 0.00 0.00 




160.00 17.00 0.00 
Error % = ((experimental value-estimated value)/experimental value) 
xlOO. 
"Mean Re = , y 
Cpeak Re = "p^l'^tube " 
F 
pare 
_ /•• mill iiiiuiil area m aLcnuais 
I cross-sectional area of tube' 
^Figures in ntheses denote percent stenoses. Percent stenosis 
inim m of ste os
parameters were very close to the corresponding values used to generate 
the model input as shown in Table 5.3. When the estimation scheme was 
used to estimate the stenosis parameters for stenoses ranging in severity 
from 94.3% to 74.8%, the maximum difference between the model and 
estimated parameter values represented an error of 1.98% based on model 
parameter value for the diameter of a 94.3% stenosis. It can be seen 
from Table 5.3 that an attempt to estimate the stenosis characteristics 
for a 53.8% stenosis produced an error of 17.00% between the model and 
estimated diameters. This relatively large error could have been caused 
by the fact that such mild stenoses do not produce significant changes in 
the pressure and flow waveforms which were used as input to the estimation 
scheme. It was, therefore, decided that model-to-experiment tests on the 
hydraulic model would be conducted to predict the stenosis characteris­
tics of stenoses representing a reduction in cross-sectional area of 
74.8% or more. 
Experiments with Unobstructed Tubes 
Invasive and noninvasive pressure and flow measurements were obtained 
from tests on an unobstructed tube of known length and inner diameter. 
The invasive data were used as input into the estimation scheme to esti­
mate the compliance of the tube and the value of the distal resistance, Z. 
In these tests, the proximal flow and the distal resistance were used as 
boundary conditions to solve the model, and the measured proximal pressure 
was used for model fitting. The estimated value of the compliance was 
compared with that predicted by the UET. The noninvasively obtained data 
were then used as input into the estimation scheme to estimate the distal 
resistance using the same boundary conditions and estimator as above. The 
estimated value of the resistance was compared with the measured experi­
mental value and that estimated when invasive data were used as input into 
the estimation scheme. The results of these tests are summarized in Table 
5.4. It can be seen that the estimated value of the compliance corre­
sponds well with that predicted by the UET. Also, the estimated values 









C, m^/N Z, N-s/mf 
Estimated value 
C, rn^/H Z, N-s/mf 
Error (%)* 
C Z 
1 389 803 9.1 inva­
sive 
0.92x10"^° 2.31x10)9 1.02x10-10 2.13x10® -10.87 7.79 
2 442 881 9.1 nonin­
vasive 
0.92x10"^° 2.31x10^ * 2.24x10® * 3.03 
Error % = {{experimental value-estimated value)/experimental value)xlOO. 
'>Mean Re = 
m 
cpeak Re = Vak'tube" 
d _ ^tube 
a - -y-r 
CN 
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of the distal resistance obtained when invasive or noninvasive data were 
used as input show close correlation with each other, and with the ex­
perimentally measured value. A plot of the proximal flow waveform ob­
tained by using the USF and that obtained by using the EMF is shown in 
Fig. 5.4. It can be seen that the waveforms match reasonably well. A 
similar match between the flow waveforms measured by the USF and the EMF 
was seen in other dynamic tests. 
Experiments with Obstructed Tubes 
The results of the tests with obstructed tubes are presented in 
Tables 5.5 and 5.6. Table 5.5 represents the results when invasive 
(direct) measurements of the system variables were used as input into the 
estimation scheme and Table 5.6 summarizes the results when noninvasive 
measurements of the system variables were used as input. In most cases, 
there is good agreement between the estimated values of the parameters and 
the corresponding experimentally measured values whether invasive or non­
invasive measurements were used as inputs into the estimation scheme. 
Figure 5.5 shows the experimentally measured invasive proximal pressure 
waveform used for model fitting, and that generated by the model with the 
best estimates for the stenosis parameters for a 86.0% stenosis placed 
centrally in the tube. From Table 5.5, it can be seen that the difference 
between the estimated and the experimental values of the diameter and the 
location of the stenosis in this run are 0.42% and 2.42%, respectively. 
Thus, this figure represents best match between the measured and model 










Table 5.5. Summary of model-to-experiment parameter estimation results 









D, mm L, mm 
Estimated 
value 
D, mm L, mm 
Error (%)* 
D L 
1 367 760 9.0 1.51 192.00 (94.3%)e 1.71 (92.7%) 
220.00 -13.25 -14.58 
2 341 696 9.2 2.37 192.00 (86.0%) 2.36 (86.1%) 
196.64 0.42 2.42 




212.00 8.81 -10.42 
®Error % = ((experimental value-estimated value)/experimental value) 
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"Mean Re = VanW Y 
c„ean Re = Valc°tube'' ^ 
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^Figures in parentheses denote percent stenoses. Percent stenosis 
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I cross-sectional area of tube' 
generated waveforms. The match between the waveforms in the other tests 
though reasonable was not as close. 
In all test cases, the proximal flow and distal resistance, Z, were 
used as boundary conditions and the measured proximal pressure was used 
for model fitting. An appropriate value of Z was obtained by dividing the 
mean proximal pressure by the mean proximal flow. It was realized that 
the choice of such an approximate value for Z would lead to errors in the 
estimates. However, the aforementioned choice of boundary conditions and 
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Table 5.6. Summary of model-to-experiment parameter estimation results 









D, mm L, mm 
Estimated 
value 
D, mm L, mm 
Error {%)* 
D L 
1 282 541 8.9 1.51 ^ 160.00 {94.3%)® 1.44 (94.8%) 
192.00 4.64 20.00 
2 309 539 9.2 2.37 153.00 (86.0%) 2.50 (84.5%) 
151.93 -5.48 6.34 




173.14 -5.17 6.34 
®Error % = {{experimental value-estimated value)/experimental value) 
xlOO. 
l>Mean Re = , y 
Cpeak Re = . Y 
d _ ^tube 
A - 2 
fir.-
F-
Figures in parentheses denote percent stenoses. Percent stenosis 
minimum area of stenosis \ ,«« 
cross-sectional area of tube' 
estimator requires that only the proximal flow and pressure be measured 
for input to the model. This represents the minimum number (2) of meas­
urements needed to estimate the parameters. It was hoped that minimizing 
the number of measurements would reduce the errors in estimates due to 
measurement errors, which could be considerable in a physiologic situa­
tion. It was also felt that such a choice of boundary conditions and 
estimator would make the scheme simpler to implement and make it useful as 
a possible noninvasive diagnostic tool in a clinical setting. The results 
Fig. 5.5. Comparison of invasively measured proximal pressure and model generated proximal pressure 
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of the model-to-experiment tests summarized in Tables 5.5 and 5.6 suggest 
that this choice the boundary conditions and estimator made in this study 
were appropriate. 
The error in the estimates due to the use of an approximate value for 
Z would be higher in the case of a 94.30% stenosis where the ratio of mean 
proximal pressure to the mean distal pressure would be higher than that in 
the case of a 84.3% or a 74.3% stenosis. Thus, the value of Z chosen as 
above in the case of a severe stenosis would be higher than the actual 
experimental value. This could lead to errors in estimates for the 
severity and the location of the stenosis. Tests were run with invasive 
and noninvasive data to try and estimate the value of Z in addition to 
the stenosis parameters for a 94.3% stenosis. These tests yielded fairly 
accurate estimates for the diameter but the estimates for the location 
were considerably different from the experimentally measured values. This 
could be due to the fact that the solution is far more sensitive to 
changes in the diameter and the distal resistance than it is to the changes 
in the location of the stenosis. Also, it is felt that some of the errors 
in the estimates could have been caused by the use of too few measured 
data as input to the estimation scheme. Figure 5.6 shows the noninvasive-
ly measured proximal pressure waveform for a 94.3% stenosis and the one 
generated by the model with all the model parameters set at their experi­
mental ly measured values. The mismatch between the waveforms is indica-r 
tive of the measurement errors. A similar comparison of the distal wave­
form generated by the model and that measured noninvasively is shown in 
Fig. 5.7. 
Fig. 5.6. Comparison of noninvasively measured proximal pressure with model generated proximal 
pressure for a 94.6% stenosis located centrally in the tube; model parameters set 
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Fig. 5.7. Comparison of noninvasively measured distal pressure with model generated distal 
pressure for a 94.6% stenosis located centrally in the tube; model parameters set 
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At this point, it should be mentioned that an effort to estimate the 
stenosis parameters by using the proximal flow and the distal pressure as 
boundary conditions with the measured proximal pressure as an estimator 
yielded very poor estimates when the parameters were estimated individual­
ly or in combination. The reason for this is not known but could be 
attributed to the sensitivity of the numerical scheme to the pressure 
measurements so that any small errors in the measured pressure used as a 
distal boundary condition would yield poor estimates. This seems to be 
supported by the results of Young et al. (1980) who suggested that the 
proximal flow and distal resistance boundary conditions yielded the best 
estimates for the model parameters. 
Animal Experiments 
To further assess the feasibility of using parameter estimation for 
physiologic studies, invasive pressure and flow measurements obtained from 
the femoral arteries of mongrel dogs were used as input to the estimation 
scheme to estimate the stenosis parameters. The very short arterial test 
section and the stiffening effects of the plug used to simulate a stenosis 
precluded efforts to estimate the value of the compliance of the vessel. 
Thus, in all animal tests, the value of the compliance was calculated from 
the equation 
C = A/(pc2) (5.1) 
where 
C = compliance of the vessel 
A = nominal cross-sectional area of the vessel 
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p = density of the blood 
c = velocity of pressure pulse propagation in the artery taken to 
10.00 m/s 
This equation is similar to the one that governs the speed of propagation 
of waves in a stretch string and can be derived by considering the 
balance between the inertia of the mass of blood, characterized by the 
blood density, and the restoring forces of the elastic walls. The value 
of 10.00 m/s for the velocity of pressure pulse propagation in the artery 
was obtained from Caro et al. (1978). In the animal tests, a very coarse 
grid was used, i.e., there were only two nodes each proximal and distal 
to the stenosis. An attempt to use a larger number of nodes led to poor 
parameter estimates due to instabilities in the numerical solution scheme 
unless it was accompanied by a grid size refinement in the time direction 
also. Grid size refinement in both time and spatial direction would have 
led to increased computational cost and was not attempted. It is pertinent 
to mention that when three elements were used to represent the arterial 
segment, the ratio of length step to the time step was of the same order 
of magnitude as that used in the hydraulic model tests. It was expected 
that use of a coarse grid, and the arbitrarily assigned value of the com­
pliance, would probably lead to rather poor estimates for the parameters. 
The results of the animal experiments are summarized in Table 5.7. 
Surprisingly, it was possible to obtain reasonably good estimates for the 
severity of the stenoses, although the quality of the match between the 
measured proximal pressure waveform and that predicted by the model was 
not as good as the one obtained in hydraulic model tests. This mismatch 
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1 153 169 3.9 1.42 . (90.0%)® 1.59 (87.5%) 
11.90 





3 269 362 4.7 2.75 (75.0%) 1.96 (87.4%) 
28.70 




5 269 537 3.7 2.53 (60.0%) 2.64 (56.4%) 
4.30 
*Error % = ((experimental value-estimated value)/experimental value) 
xlOO. 
"Mean Re = ""«'""vessel" _ 
Cpeak Re = Vl'°v'^"el'' _ 
<1„ = VESSEL R 
^Figures in parentheses denote percent stenoses. Percent stenosis 
_ 1-, minimum area of stenosis 
\ cross-sectional area of tube' 
could have been caused by the use of a coarse grid in the solution scheme 
and the use of an approximate value for the compliance of the vessel. A 
perusal of Tables 5.5, 5.6 and 5.7 shows that the difference between the 
estimated and experimentally measured values in the animal experiments is 
generally of the same order of magnitude as those for the hydraulic model 
experiments. 
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CHAPTER 6. DISCUSSION AND SUMMARY 
The UET was found to yield good estimates for the compliance of the 
tubes used in the hydraulic model. Also, the diameter-change waveform 
measured by the UET could be transformed to yield the pressure pulse wave­
form. In addition, the flow waveforms measured by the USF agreed reason­
ably well with those measured by the EMF. 
The feasibility of using noninvasively measured values of the system 
variables to obtain reasonable estimates for model parameters in an ob­
structed and unobstructed tube has been established in this study. The 
estimates for the model parameters based on noninvasive measurements com­
pare well with the experimentally measured values, and also with the 
estimates based on invasive measurements. Since the model-to-model tests 
yielded very accurate estimates, it is felt that any inaccuracies in the 
model-to-experiment estimates can be attributed to measurement errors. 
Limited in-vivo experiments on mongrel dogs also suggest the feasi­
bility of obtaining reliable estimates for the stenosis parameters in a 
physiological system. These estimates were based on invasive measure­
ments . 
The aim of this study was to systematically explore the possibility 
of measuring the system variables accurately, and to use these values as 
input into the estimation scheme to obtain reasonable estimates for the 
system parameters. It is believed that this aim has been fulfilled. 
However, to apply the parameter estimation scheme in a more general­
ized form to physiological systems, it is felt that further research is 
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needed in the following areas: 
1. A more general model of the arterial tree which incorporates branches 
and allows for the tapering of the vessel and the variation in the 
compliance along the length of the vessel is needed. The model should 
also incorporate a nonlinear area-pressure relationship for the vessel 
wall. Porenta (1982) has formulated such a model and it can be used 
in conjunction with the parameter estimation scheme to carry out 
further research in estimating parameters in a physiological system. 
The work currently under way in the ISU Biomedical Fluid Mechanics 
Laboratory to obtain castings of the femoral arteries of dogs may 
yield good values for the vessel taper function and realistic values 
for the sizes of the main branches from the artery. These data could 
be incorporated into the model proposed by Porenta (1982) to represent 
the physiological system more accurately. 
2. It is felt that some form of analysis of the Fourier coefficients of 
the flow and pressure waveforms used as input data for the estimation 
scheme is necessary. Such an analysis could be used to establish the 
relative importance of the various terms in the Fourier series repre­
sentation of the input waveforms. It is felt that the use of filtered 
input and output data in the parameter estimation scheme may lead to 
better and more consistent estimates. A study conducted by Oakland 
and Herd (1982) could form the basis for the analysis of the input 
data. 
3. In spite of the fairly good results achieved in this study, it is felt 
that the parameter estimation technique is still an art in its present 
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state. Further research is needed to generate regions of confidence 
for the final estimates. 
In conclusion, the results of this study indicate that the parameter 
estimation technique based on noninvasive measurements of the system 
variables can be a useful tool to diagnose arterial diseases. It is felt 
that this study could form the basis for further research efforts to 
generalize the arterial model, and to obtain reasonably accurate nonin-
vasively obtained input data for the estimation scheme. 
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APPENDIX 
A summary of the data analysis program used to calculate the compli­
ance of the tube from dynamic tests and to transform the vessel diameter-
change waveform into the pressure pulse is given in this section. 
In each dynamic test, the following data were recorded; 
P(t) = digitized value corresponding to the instantaneous pressure 
E(t) = digitized value corresponding to the diameter of the tube 
These data were analyzed to obtain the maximum and minimum values of P(t) 
and E(t). Let 
P__\, = digitized value corresponding to the maximum pressure in a 
cycle 
Pmin = digitized value corresponding to the minimum pressure in a 
cycle 
Emav = digitized value corresponding to the maximum diameter of the 
iilaX 
tube in a cycle 
^min " digitized value corresponding to the minimum diameter of the 
tube in a cycle 
The calibration tests for the pressure transducer yielded the slope of the 
calibration curve, S (pressure/digit), and the intercept, I (digits). The 
calibration test for the UET yielded a calibration constant, B (mm/digit). 
Now, the compliance is defined as the change in cross-sectional area 
of the tube per unit change in the pressure in the tube. Or, if A and a 
are the maximum and minimum cross-sectional areas of the tube correspond­
ing to the pressures P and p, then the compliance C can be calculated by 
using Eq. (A.l). 
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C = (A - a)/(P - p) (A.l) 
C ='(ir(D - d)2)/(4(P - p)) 
= (%(D - d)(D + d))/(4(P - p)) 
where 
D = maximum diameter of the tube in a cycle 
d = minimum diameter of the tube in a cycle 
If it is assumed that the maximum change in the diameter over a cycle is 
small compared to some mean diameter, DQ, i.e., 
(D - d) « Dq 
where Dq is the mean diameter of the tube. Then, the compliance can be 
calculated from Eq. (A.2) 
C = (ZTTDQCD - d))/(4(P - p)) (A.2) 
Equation (A.2) can be written in terms of the recorded experimental data 
as 
C = (nDgBfE^ax " ^min^) 
In the above equation, the value of DQ, the mean diameter can be obtained 
either by direct measurement or by using the UET. 
Transformation of the diameter change waveform into a pressure pulse 
is accomplished by using the equation given below. 
EP(t) = p„,„ 4 C((E{t) - Emin)(Pm,x " (*'3) 
where EP{t) is the instantaneous pressure calculated from the UET data. 
